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Abstract We use particle-based computer simula-
tions to study the rheology of suspensions of high-
functionality star polymers with long entangled arms.
Such particles have properties which are intermediate
between those of soft colloidal particles and entangled
polymer chains. In the simulations, each star polymer is
coarse-grained to a single particle. In order to faithfully
reproduce dynamical properties, it is very important to
not only include time-averaged interactions (potentials
of mean force) but to also account for transient inter-
actions induced by entanglements between the arms of
different star polymers. Using a model which has all
these features, it is found that, for sufficiently high shear
rates, the start-up shear stress displays an overshoot.
With increasing concentration, the core interactions
increasingly dominate the initial stress response, lead-
ing to a maximum in the stress overshoot at relatively
low strain values (0.1 to 0.5). Transient forces start to
dominate after this initial stage. In a simulated experi-
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ment in which the shear rate is suddenly stepped-down
from a high to a lower value, the stress shows a clear
undershoot, with the minimum stress again at a rela-
tively low strain value (based on the new shear rate).
Finally, it is shown that a stress plateau develops in the
flow curve. This plateau is absent when the transient
forces between the polymer stars are not taken into
account.
Keywords Brownian dynamics · Shear flow ·
Memory effect · Start-up experiment ·
Stress relaxation · Stochastic simulation
Introduction
Star polymers are now established as a class of model
colloids with tunable interactions, from nearly hard to
ultrasoft (Likos 2006; Vlassopoulos 2004; Beris et al.
2008). They consist of a number ( f ) of linear chains
(the arms) covalently joined to a common centre. As
such, these colloidal star polymers interpolate between
linear polymeric chains and hard colloids; the former
case corresponds to f = 1 or 2, and the latter to high
functionalities ( f → ∞). It is this wide-ranging weakly
repulsive potential that makes star polymers ideal for
studying colloidal properties as function of the inter-
actions. Due to their nonuniform monomer density
profile (Daoud and Cotton 1982), they are thought of as
soft (repulsive) colloidal spheres with a small deform-
able core and a corona consisting of grafted chains.
The interplay of this colloidal and polymeric nature is
responsible for a wide range of interesting rheological
properties such as glassy, thixotropic, ageing, shear
thinning and rejuvenation behaviour.
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Particle-based simulations may help in gaining more
insight in the physical mechanisms governing the rheol-
ogy of star polymer suspensions. Until now, most com-
puter simulations have focussed on the thermodynamic
and structural features of star polymer suspensions
(von Ferber et al. 2000; Grest et al. 1987; Huissmann
et al. 2009; Jusufi et al. 1999, 2001; Likos 2006; Mayer
and Likos 2007; Rissanou et al. 2006; Watzlawek et al.
1999), whereas simulations focussing on the dynamics
are much more rare and focus mostly on positional cor-
relations (Pakula 1998; Pakula et al. 1998). This paper
presents results of the first attempt at simulating the
rheology of concentrated solutions of polymer stars of
high functionality and long (entangled) arms by a novel
computer simulation method called responsive particle
dynamics (RaPiD). In order to reach sufficiently large
time and length scales, each polymer star is represented
by just one particle. It will be shown that, for the dy-
namics and rheology, it is very important to not only in-
clude ‘time-averaged’ interactions, but to also account
for transient interactions induced by ‘entanglements’
between the star arms. Within our approach, entangle-
ments reflect the difference in free energy of the arms
in their non-equilibrium state induced by topological
constraints of the overlapping stars. The arms interpen-
etrate, forming entanglements.
We focus on one particular experimental system,
namely, polybutadiene stars with a nominal function-
ality of 128 arms, each arm having a nominal molar
mass Ma of around 80 kg/mol, dissolved in squalene
at T = 293 K (Beris et al. 2008; Helgeson et al. 2007;
Roovers et al. 1993). These star polymers have a hydro-
dynamic radius of Rh ≈ 55 nm (Helgeson et al. 2007),
measured by light scattering techniques. The overlap
concentration c∗ is defined as
c∗ = 3 f Ma
4π NA R3h
, (1)
where NA is Avogadro’s number, yielding c∗ ≈
24 mg/ml. Preliminary simulations were performed at
c = c∗, using different settings of the simulation pa-
rameters to find the best setting that gives a zero-
shear solution viscosity (η0 ≈ 2 Pa s) in agreement
with experiments at c = c∗ and a self-diffusion coeffi-
cient (D ≈ 2 × 10−15 m2/s) estimated from the Stokes–
Einstein relation D = kBT/(6πη0 Rh). Regarding the
latter, pulsed-field gradient spin-echo NMR experi-
ments, which can measure the true self-diffusion of
a star polymer, find that the long-time self-diffusion
decreases strongly not only for c > c∗, but also in the
range 0.5c∗ ≤ c ≤ c∗ (Furukawa et al. 2005). The long-
time self-diffusion coefficient at c∗ is therefore already
much smaller than its dilute limit value. This is in
agreement with the fact that the observed zero-shear
solution viscosity also increases strongly in this range of
concentrations; at overlap concentration c∗, the suspen-
sion viscosity η0 is two orders of magnitude higher than
the solvent viscosity ηs ≈ 0.014 Pa s (Roovers 1994).
Before embarking on a programme in which the model
is tweaked and optimised to quantitatively predict the
rheology of star polymer suspensions, we first want
to test whether our model can predict the qualitative
features of a star polymer suspension. In the absence of
experimental data for the true long-time self-diffusion
coefficient for our system, we have used the fact that, at
overlap concentration, the system is still more-or-less
fluid and assumed that each star polymer moves in a
homogenous fluid formed by the other star polymers
with a viscosity given by η0.
In summary, our crude approach may not be entirely
correct, and hence, we do not claim full quantitative
agreement with the experimental system but rather
qualitative agreement. Our expectation is that, as more
experimental data become available and as the simu-
lation model will become more refined, the agreement
will become more quantitative.
This paper is organised as follows. In the section
“Model: responsive particle dynamics simulations”, we
introduce the simulation model and rationalise the
choice of parameters. In the section “Results”, we
present and discuss our simulation results for the linear
and non-linear rheology. We conclude and give an out-
look to future directions in the section “Conclusion and
outlook”.
Model: responsive particle dynamics simulations
The RaPiD method employed here is based on a clas-
sical Brownian dynamics (BD) scheme, but expanded
to include positional and temporal memory of the
particles (Briels 2009; van den Noort et al. 2007). It
allows simulation of slow processes in polymeric sys-
tems with great computational efficiency, hence the
acronym RaPiD. In this work, the model is specifically
constructed to capture the properties of star polymer
solutions, yet the same single-particle approach has
been used successfully for the simulation of entangled
polymers (Kindt and Briels 2007), entangled solutions
of polymeric core-shell colloids (van den Noort et al.
2007; van den Noort and Briels 2007, 2008) and tran-
sient telechelic polymer networks (Sprakel et al. 2009).
In the model, each star polymer is coarse-grained to
only three coordinates, corresponding to the position
of the centre of the particle. The effective interaction
between two of these particle centres consists of a
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conservative (‘star-star’) part Vss, as in classical BD,
and a contribution from transient effects t.
Potential of mean force between star polymers
The contribution Vss corresponds to the equilibrium
interaction potential (the potential of mean force),
which has been derived in the past (Likos et al. 1998;
Witten and Pincus 1986), and whose validity has been
confirmed through comparison with scattering data
(Laurati et al. 2005; Likos et al. 1998) and computer
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Here, β = (kBT)−1 and σ is the effective corona
diameter of the star. Figure 1 (solid line) shows Vss
for f = 128, as used in this paper. The potential shows
a soft logarithmic divergence for small distances, fol-
lowed by a crossover to a Yukawa form as the centre-










c = 1.2 c*
Fig. 1 Equilibrium interaction potential Vss between two star
polymers with f = 128 arms (solid red line) and the radial dis-
tribution function g(r) between the centres of the particles at a
density c = 1.2c∗ (circles). Note that pair distances are 1.2 σ or
larger (the first peak is at 1.5 σ )
to-centre separation grows. In the simulation, the po-
tential is taken to be zero beyond a cut-off distance
rc = 3σ , which is large enough to safely ignore the cut-
off error in calculating equilibrium interaction forces,
while it is small enough to keep the number of neigh-
bour particles for each particle manageable. Note that
the role of many-body forces has also been looked upon
by computer simulation and theory (von Ferber et al.
2000), where it was found that they play a negligible
role for concentrations up to four to five times the
overlap density and, hence, can safely be ignored in
this regime.
The corona diameter arises naturally in the blob
model for the conformation of isolated stars, intro-
duced by Daoud and Cotton (1982). According to the
Daoud–Cotton picture, the bulk of the interior in a star
polymer in good solvent conditions (and for sufficiently
long arms) consists of a region in which the monomer
density profile c(r) follows a power-law as a function of
the distance r from the star centre, namely, c(r) ∝ r−4/3
(Jusufi et al. 2001). Outside this scaling region, there
exists a diffuse layer of almost freely fluctuating rest
chains, in which the Daoud–Cotton scaling is no longer
valid. (Note also that, for sufficiently small distances
from the centre of the particle, the local monomer
concentration will saturate to the melt value. In this
work, we consider that the core and this unswollen part
of the star can be ignored; see Likos (2006).) Jusufi and
co-workers (Jusufi et al. 2001) have shown that a more


















where ζ = (1 + κ2σ 2/2)−1 and κ is a fit parameter of
the order of the inverse radius of gyration R(s)g of the
star polymer. The prefactor A serves to normalise the
monomer density such that its integral yields the total
number of monomers in a star polymer. By comparing
with density profiles from simulations, it was found that
κ R(s)g = 0.95 (Mayer and Likos 2007), and that the link
between the radius of gyration of the star and its corona
diameter is given by σ ≈ 43 R(s)g . A plot of the monomer
density according to Eq. 3 for f = 128 is given in Fig. 2
(solid line).
Experimentally, the ratio between the hydrodynamic
radius and the radius of gyration is given by Rh/R(s)g ≈
1.3 over a large range of stars with f = 64 or 128
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Fig. 2 Monomer density profile c(r) as a function of distance r
from the centre of the particle (solid red line), according to Eq. 3,
for a star polymer with f = 128 arms. Numerically calculated
overlap integral (squares), representing the functional depen-
dence of the equilibrium number of entanglements between two
star polymers at separation distance r. Equation 5 (dashed line)
gives a reasonable fit in the relevant range of pair distances
(Roovers et al. 1993). Using the experimentally deter-
mined hydrodynamic radius of Rh ≈ 55 nm, in this
work, we choose R(s)g = 42.4 nm and σ = 56.5 nm.
Using these numbers, the overlap concentration c∗ cor-
responds to 0.27 particles per σ 3.
Transient forces and dynamical properties
The conservative interaction potential Vss given by
Eq. 2 determines the equilibrium structural proper-
ties of the system. However, it ignores the dynamical
effect of entanglements between the arms of the star
polymers, which occur predominantly at the scale of
the outer blobs (further entanglements are increas-
ingly more difficult) (Daoud and Cotton 1982; Grest
et al. 1987; Likos 2006). Imagine, for example, two
neighbouring star polymers which are well entangled
with each other. If the distance rij between these star
polymers is suddenly increased (e.g. induced by flow),
the arms require some time to disentangle. This effect
will become increasingly important for star polymers
with increasingly long arms. During this time, there
will be a transient attractive force between the star
polymers. This force originates from the entanglement
junctions, and it decays to zero as the arms get dis-
entangled. Therefore, it is envisaged that the transient
part t of the interaction originates from deviations in
the actual number of entanglements nij between two
star polymers with respect to the equilibrium number
of entanglements n0(rij) prevailing at the distance rij.
Because, to a first approximation, the number of entan-
glements is expected to scale with the number of binary
contacts between monomers of different star polymers,
the equilibrium number of entanglements is assumed
to be proportional to the overlap integral between the
monomer densities of two star polymers. Placing one
star at the origin and the other a distance rij displaced
in the z direction, the overlap can be calculated as:
n0(rij) ∝
∫
dr c(r)c(r − rijeˆz). (4)
The result of a numerical calculation of the overlap
integral for f = 128 is shown in Fig. 2 (squares). The
radial distribution function in Fig. 1 (circles) shows
that typical pair distances are of the order of 1.5 σ
(the first peak) or larger. This suggests that the nearly
Gaussian part of c(r) for r > σ/2 will dominate the
overlap integral for all relevant distances. Indeed, in
the range rij > σ , a reasonable fit can be made with a
Gaussian dependence (dashed line in Fig. 2):








This expression is used in the simulations, with a cutoff
at rc = 3σ . The prefactor namp0 may be used to set the
absolute number of entanglements. However, because
only the product of n20 with another parameter (α, as
explained in the next paragraph) is relevant, one of the
two parameters may be set to an arbitrary value while
the other is used to tune the system. Here, namp0 is set
equal to 10 so that n0(rij) ≈ 1 at the typical distance rij =
1.5σ of the closest neighbouring particles. In this way,
n0(rij) can be interpreted loosely as the fraction of the
maximum number of entanglements between a pair of
star polymers.
The equilibrium structure determined by Vss is not
perturbed if the transient part of the interactions is








As alluded to before, we observe that only the prod-
uct αn20(r) is of relevance to the interaction t. The
parameter α determines the allowed fluctuations of nij
around n0(rij): according to the equipartition theorem,
each quadratic contribution to the energy will have




kBT/α. In the simulation, α is set to 4kBT. Similar to
the case of the conservative interactions, the transient
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interactions are taken to be zero beyond the cut-off
distance rc = 3σ .
A surplus or deficiency in the fraction of entangle-
ments nij = n0(rij) relaxes in the simulation as







where the first term represents the tendency of the
entanglement fraction to grow or diminish towards
the equilibrium value with a characteristic time τ , and
the second term gives the noise on the transient forces
(θ is a number from a univariant normal distribution)
(van den Noort et al. 2007). The characteristic time
must be relatively large because the long chains in the
corona take a long time to entangle or disentangle.
In start-up shear experiments at c = 1.5c∗, overshoot
is observed for shear rates ≥ 0.005 s−1 (Beris et al.
2008). Preliminary simulations at c = 1.5c∗ showed that
overshoots at such low shear rates arise only when the
relaxation time is set sufficiently large: for τ 
 1 s,
all observations and conclusions remain essentially
unchanged. In the simulations, τ is set to 100 s.
The friction ξi on a particle i for motion relative to
the average flow field consists of two contributions:





where ξ0 is the dilute limit friction with the solvent
and ξe an additional friction associated with the entan-
glements with other star polymers. This form ensures
that there is no entanglement friction between particles
beyond the cut-off rc. The value of ξ0 is set equal to
6πηs Rh, where ηs ≈ 0.014 Pa s is the solvent viscos-
ity and Rh ≈ 55 nm is the experimentally determined
hydrodynamic radius. The value of ξe is set to 10−8 kg/s.
Together with the chosen value of α, this predicts a
zero-shear viscosity and star self-diffusion coefficient at
overlap concentration in agreement with experiment.
Propagator
Particle positions are updated according to the BD
propagator (van den Noort et al. 2007)


















Here, 〈V(ri)〉 is the average flowfield at position ri and
θ ′ is a random vector with each component drawn from
a univariant normal distribution. The integration time
step is chosen equal to dt = 10−6 s. This time step was
determined by performing a series of test simulations,
finding the largest safe time step for which the equilib-
rium fluctuations in the entanglement numbers nij obey
equipartition.
Flow in the x-direction with a velocity gradient
γ˙ in the y-direction is generated by Lees–Edwards
boundary conditions (Allen and Tildesley 1987). The
y-dependence of the (implicit) solvent flowfield in the
x-direction is dynamically updated by coupling it to
the star polymer motion with an averaging time of
10−3 s, as described in van den Noort and Briels
(2008), Padding et al. (2008). This algorithm allows any
y-dependent flowfield to form. The simulation box
is cubic and always contains N = 729 star polymers.
The exact dimensions depend on the concentration,
which assumes values c∗, 1.2c∗ and 1.5c∗. For the
overlap concentration (c = c∗), each side of the box
measures 14σ .
During the simulations, the instantaneous (micro-
scopic) shear stress σxy(t) is calculated from




in which V is the volume of the simulation box, xij =
xi − x j and Fy,ij the total force (conservative and tran-




By analysing the fluctuations of the microscopic
shear stress in equilibrium simulations, the zero-





, where σxy is given by Eq. 10 and the
brackets indicate an average over many time origins.
Other properties, characteristic of linear rheology, can
be derived from G(t). For example, the storage and
loss moduli G′(ω) and G′′(ω) can be obtained through a
Fourier transform, and the zero-shear viscosity is given
by the infinite time integral, η0 =
∫ ∞
0 G(t)dt.
Figure 3 (solid lines) shows the shear relaxation
modulus for star polymer suspensions at c = c∗, c =
1.2c∗ and c = 1.5c∗. To make the influence of the tran-
sient forces more explicit, the shear relaxation modulus
is also calculated from simulations where, instead of
dynamically updating the entanglement numbers nij
(Eq. 7), the equality nij = n0(rij) is forcefully imposed
(dashed lines). Equations 6, 8 and 9 show that this
effectively disables the transient forces, leading to a
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Fig. 3 Shear relaxation modulus for suspensions of star polymers
with f = 128 arms at c = 1.5c∗ (solid lines), c = 1.2c∗ (dashed
lines) and c = c∗ (dot-dashed lines) obtained from equilibrium
stress fluctuations. Results from simulations with transient forces
(black) are compared with results from simulations without tran-
sient forces (by setting nij = n0(rij); red). Note the extremely slow
(glassy) relaxation of the shear relaxation moduli for c = 1.5c∗,
which are therefore not ergodic
simple BD scheme with the correct order of magnitude
for the friction on each particle. Clearly, the transient
forces introduce a slow stress relaxation mode, the
influence of which grows very rapidly over a relatively
small range of concentrations. At c = c∗, only small
deviations from single-exponential relaxation are visi-
ble, whereas at c = 1.2c∗ stress relaxes over two clearly
disparate time scales.
For the highest concentration studied here, c =
1.5c∗, the shear relaxation modulus cannot be reliably
obtained, either with or without transient forces. Large
stresses are present which do not relax sufficiently over
the course of the simulation. This implies a strong
dependence on the initially chosen distribution of star
polymer positions, so one must not attribute too much
meaning to the amplitudes shown in Fig. 3 for c =
1.5c∗. Previous dynamic light scattering measurements
on very similar polybutadiene stars identified the glass
transition to occur around c = 1.4c∗ (Helgeson et al.
2007; Stiakakis et al. 2002a). Inspecting mean-square
displacements of the particles (not shown) confirms
that our c = 1.5c∗ system is in a glassy state. Such vit-
rified star polymer solutions can be liquified by adding
amounts of homopolymer chains (Likos 2006; Stiakakis
et al. 2002b). Alternatively, the sample may by fluidised
by subjecting it to deformation flow (Vlassopoulos
2004; Beris et al. 2008; Helgeson et al. 2007). We
will study the response to shear flow in the following
sections.
Start-up shear stress
Figure 4 shows the start-up shear stress measured in a
previously glassy sample at c = 1.5c∗, which is suddenly




























c = 1.5 c*
1 s-1
(a) (b)
Fig. 4 Start-up shear stress for a star polymer suspension at c =
1.5c∗ and an applied shear rate of a γ˙ = 1 s−1 or b γ˙ = 10 s−1. The
total stress (solid black line) is a sum of stress originating from
conservative forces (dot-dashed green line) and stress originating
from transient forces (dashed red line). Note that the stress due
to conservative forces (green arrows at top scales) peaks sooner
than that due to transient forces (red arrow). The (conservative)
stress in a simulation without transient forces (solid brown line)
shows a much weaker or no stress overshoot
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subjected to shear flow at a shear rate of γ˙ = 1 s−1 (a)
or γ˙ = 10 s−1 (b). Note that the system is fluidised by
the shear flow, effectively removing the non-ergodicity
issues which apply to the (non-sheared) glassy state.
The total stress (solid black line) may be partitioned
into contributions arising from the conservative inter-
actions Vss (dot-dashed green line) and those arising
from transient interactions t (dashed red line). To
avoid a possible misunderstanding, we do not refer to
the contribution arising from the transient forces as a
‘transient stress’ because it does not decay to zero as
the shear flow is maintained. This is caused by the fact
that shear flow forces the entanglement numbers nij to
remain continually out of equilibrium.
At small strain γ = γ˙ t, both contributions to the
stress increase almost linearly with γ . Then, both con-
tributions display a stress overshoot before relaxing and
settling to a steady-state value. An important difference
is that the conservative contribution has its maximum
at a strain of 0.2 to 0.3, whereas the transient contri-
bution has its maximum at a strain of order 1. As a
consequence, the maximum overshoot of the total shear
stress occurs somewhere in between, although the noise
in the data does not allow us to precisely pinpoint its
location.
Figure 4 also shows the start-up shear stress mea-
sured in an equivalent Brownian simulation (solid
brown line) in which the transient forces have been
effectively disabled, thus leaving only the conservative
forces. Clearly, the overshoot is absent for shear rate
1 s−1 and much weaker for 10 s−1. The peak for 10 s−1
appears at a strain of 0.3, in agreement with the con-
servative part in the simulation with transient forces.
Notice that, in both cases, for larger strain values, the
conservative stress in the Brownian simulation is higher
than the conservative stress in a simulation where tran-
sient forces are also present. This shows that the tran-
sient forces significantly change the path along which
the system evolves under non-equilibrium conditions.
Figure 5 shows the start-up shear stress for all con-
centrations studied in this paper and shear rates ranging
from 10−2 to 102 s−1. A stress overshoot is observed
in most cases. At the overlap concentration c = c∗, the
maximum occurs at a strain of the order of 1. For higher
concentrations, the maximum occurs at lower strains,
but its dependence on shear rate and concentration is
complex. At fixed concentration, but with increasing
shear rate, the location of the maximum moves to
higher strain values, but only slightly. The concentra-
tion effect is much stronger. Although the noise in
the data does not allow us to precisely pinpoint the
locations of the maxima, Fig. 6 does suggest that, at
fixed shear rate, the location of the maximum moves
to lower strain values with increasing concentration.
From a visual inspection of the curves, we estimate
that probable ranges for the locations of the maxima
are γmax ∈ [0.8, 2.0] for c∗, γmax ∈ [0.6, 1.1] for 1.2c∗ and
γmax ∈ [0.3, 0.8] for 1.5c∗.
We are currently unable to perform simulations at
higher densities (because of the increasingly large re-
laxation times involved), but experiments show that,
for c = 2c∗, the maxima occur around a strain γmax =
0.1 (Beris et al. 2008). This is in line with our ob-
servations. In this regard, it is important to note that
the constitutive model for star polymer suspensions
suggested by Beris et al. (2008) predicts locations of
these maxima at strains that are one order of magnitude
larger. This was attributed to the fact that the principal
strain responsible for non-affine motion is located in the
interfacial area between the particles, which amplifies


























c = c* c = 1.2c* c = 1.5c*(a) (b) (c)
Fig. 5 Start-up shear stress for three different concentrations, a c = c∗, b c = 1.2c∗ and c c = 1.5c∗, and different applied shear rates
(see legend in a)
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c = 1.5 c*
c = 1.2 c*
c = c*
10 s-1
Fig. 6 Start-up shear stress normalised to its steady-state value
for a shear rate of γ˙ = 10 s−1 and three different concentrations.
Observe that the magnitude of the relative overshoot increases
and that the strain where this maximum occurs (estimated strains
are indicated by arrows at top scale) decreases with increasing
concentration
the average strain present in the fluid. It is encouraging
to see that the current simulation model yields quali-
tatively correct results without making such additional
assumptions.
Interestingly, strain values γmax ≈ 0.1 are also pre-
dicted for the positions of maximum stress overshoot
in simulations of colloidal dispersions at the glass tran-
sition temperature, where the colloids interact only
with relatively hard Yukawa potentials (Zausch et al.
2008) (and also in Lennard–Jones glasses (Varnik et al.
2004)). This suggests that, as the concentration of
high-functionality star polymers is increased to inside
the glass regime, the initial stress growth becomes
increasingly dominated by the conservative interac-
tions between the cores, rather than the entanglements
between the arms.
Of course, the above does not mean that entangle-
ments have no influence. Figure 4 shows that the stress
contribution due to transient entanglement forces is
dominant for strains larger than 0.2–0.3, with a max-
imum near strain 1. This may be linked to the fact
that the number of entanglements n0(r) changes only
significantly over a distance of the order of one particle
diameter σ , see Fig. 2, thus requiring a strain of order 1
for their influence to be fully felt.
Cessation and step-down shear stress
The relaxation of stress upon removal of the applied
shear rate is shown against time in Fig. 7a for c =
1.5c∗ and four different initially applied shear rates γ˙0.
























10-2 10-1 100 101
’strain’ [-]
c = 1.5 c*
100 s-1 10 s-1 1 s-1
0.1 s-1
(a) (b)
Fig. 7 Relaxation of shear stress (normalised to its previous
steady-state value) upon removal of imposed shear rate at time
t = 0 for a star polymer suspension at a concentration c = 1.5c∗.
The initially applied shear rate γ˙0 ranges from 0.1 to 100 s−1. The
relaxation is shown against the time t in a and against γ˙0t in b. The
latter is the strain the system would have acquired if the shear
would have continued with the initial shear rate
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Again, note that, for all these shear rates, the 1.5c∗
system is fluidised by the shear flow, overcoming the
non-ergodicity issues which apply to the glassy state
in equilibrium. For a fluid in the linear regime, the
time dependence of the stress relaxation is given by
the (linear) shear relaxation modulus G(t). This means
that the normalised stress relaxation curves for all
previously applied shear rates would coincide. This is
clearly not the case here (remember that the linear
shear relaxation modulus for 1.5c∗ hardly decays over
the entire time scale of the simulation). The relaxation
is non-linear for all shear rates studied, and it is faster
when the previously applied shear rate was higher. In
the literature, this is attributed to the ageing of the
system and its rejuvenation by shear flow (Beris et al.
2008; Bonn et al. 2004; McKenna et al. 2009; Moller et
al. 2006; Rogers et al. 2008). Our observations are very
similar to the experimental results shown in Figure 7
of reference Beris et al. (2008). In Fig. 7b we plot the
relaxation against γ˙0t, which is the strain the system
would have acquired if the shear would have continued
with the initial shear rate γ˙0. In all cases the main
relaxation takes place for ‘strain’ values between 0.01
and 1. The data more or less collapse, but it must be
noted that slower relaxation modes become visible for
lower γ˙0. For low initial shear rates, the fluidised system
has more time to return to the glassy state before all
stress has relaxed.
Instead of completely stopping the applied shear
rate, one may also step down the applied shear rate
to a lower value at time. Figure 8a shows the shear
stress at time t after such a step-down to three new
shear rates γ˙ , as well as the previous cessation (γ˙ = 0)
experiment, for c = 1.5c∗ and an initial shear rate of
γ˙0 = 100 s−1. Initially, the stress decay is the same for
all cases and follows the cessation experiment. In each
particular case, the stress departs from this curve at a
point where it has reached a value below the steady-
state value belonging to the new shear rate. This causes
an apparent minimum in the shear stress curve. Fig-
ure 8b shows that the point of departure is after a strain
of approximately 0.05 to 0.1, where this strain value is
based on the new shear rate. To our knowledge, this has
not yet been tested experimentally.
Steady-state shear stress (flow curves)
When shear is applied for a sufficiently long time, a
steady state is achieved. Figure 9 shows the steady-
state shear stress as a function of shear rate (the so-
called flow curve) for all concentrations studied in this
work. For c = c∗ and c = 1.2c∗ and low shear rates,
the shear stress is linearly dependent on the applied
shear rate. The magnitude of this linear response is
in agreement with the zero-shear viscosity obtained by
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Fig. 8 Evolution of shear stress after stepping down, at t = 0, the
applied shear rate from an initial γ˙0 = 100 s−1 to a new γ˙ = 10,
1 or 0.1 s−1 for a star polymer suspension at a concentration
c = 1.5c∗. The evolution is shown against time t in a and against
the strain γ˙ t in b. For comparison, the stress relaxation upon
removal of the applied shear rate (γ˙ = 0) is also shown in a
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Fig. 9 Double-logarithmic plot of the steady-state shear stress of
star polymer suspensions ( f = 128) as a function of applied shear
rate for all concentrations studied. Dashed lines indicated by their
slope ‘1’ are not fits, but show the linear prediction σxy = η0γ˙ ,
where the zero-shear viscosity η0 is obtained by integrating the
shear relaxation modulus G(t) (see Fig. 3). At c = 1.5c∗, no linear
response can be found within the range of shear rates studied. For
this high concentration, the shear stress is constant for shear rates
lower than 1 s−1
integrating the shear relaxation modulus of Fig. 3. For
c = 1.5c∗, no linear response can be found within the
range of shear rates studied. At this high concentration,
the shear stress shows a plateau for shear rates lower
than 1 s−1, and increases slowly like σxy ∝ γ˙ n with an
exponent n ≈ 0.2 for higher shear rates (note that the
slow increase at higher shear rates is nearly identical
for all three concentrations). In simulations without
transient forces, the stress magnitudes are all lower
than their counterparts from the simulations which do
include transient forces (not shown). More importantly,
no stress plateau is observed. Without transient forces,
all stress values for c = 1.5c∗ can be fit to σxy ∝ γ˙ n with
n ≈ 0.32, in the full range of shear rates studied.
A stress plateau may be associated with shear band-
ing (non-linear shear velocity profiles) and with yield
stress in the star polymer system (Fielding et al. 2009;
Moller et al. 2006; Rogers et al. 2008). However, we do
not observe the formation of shear bands in the flow
profile, even though the simulated equations of motion
do not bias towards a linear profile by construction (van
den Noort and Briels 2008; Sprakel et al. 2009). Shear
banding may be suppressed in our simulations because
of the relatively small size of the simulation box, or it
may occur only at times much longer than simulated
here (Rogers et al. 2008).
A plateau and a slow increase in stress are quali-
tatively similar to experimental observations reported
for c = 2c∗ in Figure 5 of Beris et al. (2008), although,
experimentally, the exponent for the slow stress in-
crease is n ≈ 0.3 rather than n ≈ 0.2 in the first two
decades after the plateau region. Given the gross sim-
plifications made in modelling the star polymer sus-
pensions, we regard this as a very satisfying result. In
fact, the predicted magnitude (at c = 1.5c∗) of approx-
imately 30 Pa for the stress plateau (or yield stress)
is very close to the experimental plateau value (at
c = 2c∗) of approximately 8 Pa (Beris et al. 2008). It
must be noted that, in these experiments, the plateau
in the stress could only be observed if the shear was
applied for a sufficiently long time. These experiments
used a pre-shearing protocol, in which the system was
brought into a fluidised state by large-amplitude oscil-
latory shear before commencing the constant shear rate
experiment. As a consequence, the shear stress first at-
tained a lower value and only after a long time, depend-
ing on the sample volume fraction and the experimental
conditions (such as sample shear history), the stress
jumped to the plateau value. Here we have not applied
such a fluidising pre-shearing protocol, which explains
why we are able to measure the plateau value after a
relatively short time. Moreover, it is possible that the
time needed for rearrangements in the system depends
on the system size; our simulated system size is many
orders of magnitude smaller than that of a sample in a
rheometer. This is a topic of future research.
Conclusion and outlook
We have presented a novel particle-based simulation
of the rheology of concentrated suspensions of star
polymers with high functionality and long arms. This
has been made possible by an extreme form of coarse-
graining in which each star polymer is represented by
a single particle. In order to faithfully reproduce dy-
namical properties with such a coarse model, it is very
important to not only include time-averaged interac-
tions (potentials of mean force), but to also account
for transient interactions induced by entanglements
between the arms of the star polymers.
The parameters of the potential of mean force, Eq. 2,
are based on previous theoretical and simulation work,
combined with knowledge of the number of arms and
the experimentally determined hydrodynamic radius.
In the absence of detailed experimental data, most of
the other simulation parameters have been estimated in
a rather crude way. The functional dependence of the
number of entanglements on the separation distance
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is modelled by the overlap integral of two monomer
density profiles. Finally, the parameters α, τ and ξe
have been used as fitting parameters to match the ex-
perimentally determined zero-shear viscosity at overlap
concentration c∗, an estimated self-diffusion coefficient
at c∗ and the fact that overshoots in the start-up shear
stress at 1.5c∗ are observed for shear rates ≥ 0.005 s−1.
We emphasise that the output is not simply what we
put in; the model predicts new features, many of which
are in agreement with experimental observations on
concentrated suspensions star polymers with high func-
tionality and long arms:
• Without flow, the system gets kinetically trapped in
a glassy state when the concentration is 1.5c∗ (or
higher).
• For sufficiently high shear rates, the start-up
shear stress displays an overshoot. With increasing
concentration, the ‘core’ interactions increasingly
dominate the initial stress response, leading to a
maximum in the stress overshoot at a strain as
small as ≈ 0.5 for c = 1.5c∗ and 0.1 for c = 2c∗.
The transient forces start to dominate the stress
response after this initial stage.
• The relaxation of stress after cessation of shear flow
is faster if the previously applied shear rate was
higher. This is linked to the ageing of the system
and its rejuvenation by shear flow.
• If the applied shear rate is suddenly stepped down
to a lower but finite value, the shear stress initially
follows the curve of the stopping experiment. After
a strain of 0.05 to 0.1 (based on the new shear
rate), the stress departs from this curve and tends
to the new steady-state value, leaving an apparent
undershoot.
• The steady-state shear stress shows a plateau for
c = 1.5c∗ at sufficiently low shear rates. Without
transient forces, this plateau is absent.
There is lots of room for improvement of the simu-
lation method. Let us give an outlook on a few possible
future developments. The approximation of a single
relaxation time for the transient forces is probably too
strict. One can imagine that entanglements between the
arms of relatively distant star polymers relax faster than
those of close star polymers, simply because effectively
less chain length is available for (dis)entanglement.
An alternative view is that the time for structural re-
arrangements in the star positions should increase as
the stars are packed closer together. In both interpre-
tations, the effect may be included by introducing a
relaxation time τ(rij), which decreases with increasing
pair-distance rij.
Furthermore, we have ignored the deformability of
the stars under shear flow. Indeed, there is evidence
that a single star will deform, albeit slightly, under
strong shear (Ripoll et al. 2006). Our promising results
will trigger further improvements in the future, includ-
ing incorporation of deformability.
Another possible deficiency of the model is also
related to deformability and the rather low polymer
concentration, even when c = 2c∗. It may be easier
for two high-functionality star polymers to indent and
deform each other than to overlap and entangle their
arms. On approaching each other, both stars will still
feel a transient repulsion because the instantaneous
distribution of monomeric mass in the particles will
(temporarily) differ from the equilibrium one. How-
ever, on separation, it is unlikely that attractive forces
will be operational. With this deficiency in the model,
it is unlikely that full quantitative agreement can
be achieved with the experimental high-functionality
( f = 128) star polymer suspension rheology.
The indentation and deformation dominance will be
less for highly entangled, but lower-functionality, star
polymers. The model described in this paper may there-
fore be more accurate for star polymers with very long
arms and f in the range of 10 to 50. Both simulations
and experiments on such systems are planned for the
near future.
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